We investigate frequency-comb generation in normal dispersion silicon microresonators from the near-infrared to mid-infrared wavelength range in the presence of multiphoton absorption and free-carrier effects. It is found that parametric oscillation is inhibited in the telecom wavelength range resulting from strong two-photon absorption. On the contrary, beyond the wavelength of 2200 nm, where three-and four-photon absorption are less detrimental, a comb can be generated with moderate pump power, or free-carriers are swept out by a positive-intrinsic-negative structure. In the temporal domain, the generated combs correspond to flat-top pulses, and the pulse duration can be easily controlled by varying the laser detuning. The reported comb generation process shows a high conversion efficiency compared with anomalous dispersion regime, which can guide and promote comb formation in materials with normal dispersion. As the comb spectra cover the mid-infrared wavelength range, they can find applications in comb-based radiofrequency photonic filters and mid-infrared spectroscopy.
INTRODUCTION
Microresonator-based Kerr frequency combs have attracted intense interest for their promising applications in many fields, including astronomical spectrograph calibration, high-precision frequency-comb spectroscopy, and telecommunication systems [1] [2] [3] [4] . Such chip-level integratable microcavities with a high quality factor enable efficient nonlinear optical processes like cascaded four-wave mixing (FWM), which can lead to broadband frequency-comb generation from a continuous-wave laser. Kerr frequency combs have been observed in many platforms like MgF 2 resonators [5, 6] , diamond [7] , silica disks [8, 9] , aluminum nitride [10, 11] , silicon nitride [12] [13] [14] , and silicon [15, 16] , since it was first demonstrated in silica microtoroids [17] . Generally, frequency combs are generated in the anomalous dispersion region in these materials, which can be achieved by elaborate waveguide cross-section engineering. However, obtaining anomalous dispersion in an arbitrary central wavelength is still challenging, as material dispersion in the visible and near-infrared range is mostly normal due to ultraviolet absorption [12] . Moreover, materials like Si 3 N 4 have a strong absorption peak near 10 μm, which will strongly influence the optical properties at shorter wavelengths [18] , that is, obtaining anomalous dispersion is challenging in the mid-infrared range (MIR). Therefore, achieving Kerr frequency combs in normal dispersion materials is of particular interest, as normal dispersion is easy to access. Researchers have recently demonstrated frequency-comb and pulse generation in normal group velocity dispersion (GVD) microresonators like CaF 2 [19] , MgF 2 [20] , and silicon nitride [21, 22] . Importantly, Xue et al. first reported mode-locked dark-pulse Kerr combs in normal GVD silicon nitride microresonators [23] , while microcombs in normal dispersion silicon resonators have not been reported to the best of our knowledge.
Silicon is a promising candidate for an on-chip combgeneration platform since it exhibits a large nonlinear refractive index and is transparent from 2200 nm to 8500 nm without two-photon absorption (2PA), covering a significant fraction of the MIR [24] . Meanwhile, the large index contrast between silicon and claddings (air or silicon dioxide) enables tight confinement of the optical mode, leading to a sufficiently large nonlinear coefficient and convenient dispersion engineering. One drawback to a silicon-based nonlinear process is the multiphoton absorption and concomitant free-carrier (FC) effects, which are detrimental to the efficiency of nonlinear processes. In detail, two-photon absorption is particularly strong in the telecom wavelength range, and three-photon absorption (3PA) is dominant in the range of 2200-3300 nm [25] . Considering the even longer MIR wavelength range beyond 3300 nm, fourphoton absorption (4PA) and even multiphoton absorption are still present. The influences of multiphoton absorption on comb generation are of significant importance and need to be studied for future comb generation in normal dispersion silicon microresonators.
In this paper, we investigate the influences of multiphoton absorption (2PA, 3PA, and 4PA) and the accompanying FC effects over several wavelength ranges with a dual-pump regime in the normal dispersion region. It is found that 2PA is detrimental and can inhibit comb generation in the telecom wavelength range. At the MIR wavelength shorter than 3300 nm, although 3PA and the concomitant FC effects lead to the dominant nonlinear loss, a frequency comb can still be observed with a sufficiently low pump power or the FC is swept out by a positive-intrinsic-negative (PIN) structure. At longer MIR wavelengths where 4PA is dominant, a frequency comb can be generated with moderate pump power without the need for integration of a PIN diode. Interestingly, two pronounced wings of the spectra will disappear due to free-carrier effects and the duration of the generated pulses can be controlled by varying the laser detuning. The theoretical analysis is meaningful for future applications in the visible and near-IR wavelength range where material GVD is mostly normal. Meanwhile, the high conversion efficiency of the generated comb in MIR could make them candidates for comb based photonic radiofrequency (RF) oscillators and mid-infrared spectroscopy.
THEORETICAL MODEL
In order to model the physical process in a silicon microresonator, the Lugiato-Lefever equation including second-order dispersion, multiphoton absorption, free-carrier effects, and self-steepening is used to describe the spectral-temporal dynamics of frequency combs [26] ,
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where Et; τ is the field within the resonator, t and τ correspond to the slow time and the fast time, respectively, describing a temporal field in a single round trip at a given time t, E in is the pump field with P in1 and P in2 denoting the power of two pumps, f is the frequency spacing between the two pumps, T R is the roundtrip time, L is the total cavity length, α is the round-trip loss, κ is the power transmission coefficient, δ 0 is the cavity detuning, β 2 is the second-order dispersion parameter, γ n 2 ω∕cA eff is the nonlinear coefficient with n 2 the nonlinear refractive index and A eff the effective mode area, β 2PA , β 3PA , β 4PA are the two-, three-, and four-photon absorption coefficients, σ is the free-carrier absorption (FCA) cross-section, and μ is the free-carrier dispersion (FCD) parameter. In Eq. (1c), the averaged FC density hN c ti 1∕T R R T R ∕2 −T R ∕2 N t; τdτ describes the buildup of carriers within the cavity over successive round trips [26] . Free-carrier generation is governed by multiphoton absorption, and the recombination rate is determined by the effective FC lifetime τ eff 5 ns [27] .
In this model, the detuning δ 0 is cavity detuning for both pumps. Theoretically, relatively small difference in detuning may lead to minor changes in comb bandwidth. We find that stable comb generation can be achieved in a large range of detuning in a dual-pump regime. So the difference in detuning will not introduce a big change of the results as long as the value of this difference is relatively small. Furthermore, the influence of different detunings can be compensated for by adjusting the frequency spacing between the two pumps. On the other hand, thermal effects have not been considered. Generally, an additional resonance shift added by thermal effects is on a much slower timescale compared to the quasi-instantaneous Kerr shift, which requires fast pump power or frequency control to stabilize the solitons. Recently, broadband soliton states can also be accessed with pump laser frequency tuning, at a rate much lower than the thermal dynamics [13] . This means that the thermal effect could affect the resonance frequency while the mode-locked state can still be achieved.
INFLUENCES OF TWO-, THREE-, AND FOUR-PHOTON ABSORPTION AND FC EFFECTS
In the dual-pump regime, the primary comb is generated by the low-threshold optical parametric process of nondegenerate FWM, that is, the nondegenerate FWM occurs at any pump power, avoiding the undesirable power threshold and highpower effects like stimulated Raman scattering and thermorefractive oscillations [28, 29] , while in the single-pump regime, degenerate FWM and intensity-dependent modulation instability process account for primary comb generation. Furthermore, a dual-pump regime for comb generation in the normal dispersion region without the need of an artificial perturbation of the local dispersion is compared to the single pump scheme.
Two-photon absorption occurring in the telecom wavelength range is first taken into account. A device with β 2 0.2 ps 2 ∕m for normal dispersion around the pump of 1560 nm and linear loss of 1.4 dB/cm is used for simulation; [33] , μ 7.5 [33] , cavity radius is 100 μm, cross-sectional dimension is 500 nm × 960 nm with SiO 2 cladding, P in1 P in2 200 mW, f 125 GHz, and detuning δ 0 varies from 0 to 0.45. Figure 1(a) shows the spectra generated in the absence (blue) and presence (red) of 2PA. The spectrum bandwith without 2PA is broader than that with 2PA, signifying the significant nonlinear loss in the telecom wavelength range inhibits comb generation. When the FC effects are taken into consideration, the parametric oscillation will be totally inhibited. The corresponding temporal evolution of Fig. 1(a) (blue curve) is shown in Fig. 1(b) with the final stable flat top pulse in Fig. 1(c) . It can be clearly seen that the pulse width decreases with the evolution time and finally to a stable state, which results from the increasing of detuning, that is, the pump frequency decreases, and it is red detuned to obtain the mode-locked state. This phenomenon is similar to the pulse evolution in the anomalous regime, in which the temporal width of the soliton decreases for increased detuning. The theory and measurements can be found in Refs. [34] [35] [36] . Obviously, the flat top pulse energy in the normal dispersion regime is significantly larger than that of an anomalous dispersion bright soliton.
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Consequently, the nonlinear loss of 2PA in the telecom range is detrimental to frequency-comb generation, and researchers have made significant progress in comb generation at the MIR wavelength in a silicon microcavity [15, 16] . In the wavelength range of 2200-3300 nm, 3PA becomes the dominant nonlinear loss process. In this section, a device with β 2 0.2 ps 2 ∕m around the pump of 2400 nm and linear loss of 0.7 dB/cm is used for simulation; other parameters are set as follows: β 3PA [39], μ 4.5 [33] , cavity radius is 100 μm, cross-sectional dimension is 500 nm × 2480 nm with SiO 2 cladding, P in1 P in2 200 mW, f 130 GHz, and the detuning δ 0 is changed from 0 to 0.28. Figure 2 (a) depicts the generated spectra with 3PA and FC (red), with 3PA and no FC (blue), and in the absence of 3PA (green). It can be observed that the influence of 3PA is smaller than that of 2PA in the telecom range, since the generated comb bandwidth including 3PA but no FC effects (blue) is similar to that excluding all nonlinear loss terms (green). In this wavelength range, FCA becomes the dominant loss factor. It is evident that the oscillation is inhibited by FC effects (red). Moreover, the spectra are characterized by two pronounced wings (blue and green), which is in good accordance with experimental results observed in normal dispersion silicon nitride microrings [40] and magnesium fluoride resonators [20] . The corresponding temporal evolution of the spectrum including 3PA but no FC effects (blue curve) is presented in Fig. 2(b) . The pulse width experiences an abrupt reduction around 10 ns, which originates from the increase of laser detuning. Finally, the temporal output evolves into a stable flat top pulse. The output spectra can be detected by a Fourier transform infrared spectrometer, and intracavity dynamics can be characterized by radio frequency (RF) modulation arising from a 3PA-induced photocurrent in experiment [16, 41] . The nonlinear loss beyond 3300 nm is even lower due to the absence of 2PA and 3PA, where the dominant nonlinear loss is from 4PA. Simulation parameters are set as follows: [27] , cavity radius is 100 μm, cross-sectional dimension is 500 nm × 2760 nm with air cladding, P in1 P in2 200 mW, f 135 GHz, and the detuning δ 0 is changed from 0 to 0.11. Figure 3 shows the spectra and temporal profile with 4PA and FC effects (blue) and with 4PA without FC effects (red). It should be noted that the influence of FC effects in this wavelength range is smaller than those of 2PA or 3PA, since a comb covering more than 1000 nm can be generated in the presence of 4PA and FC effects [red curve in Fig. 4(a) ]. Obviously, two pronounced wings of the spectrum without FC effects disappear compared to that with FC effects in Fig. 3(a) , which can be attributed to FCA. In fact, a moderate pump can avoid the detrimental FC effects in this regime, which could eliminate the integration of the PIN diode. The power ratio of the comb lines to the pump is 67% in the cavity [blue curve in Fig. 3(a) ], which is more efficient than the classical anomalous dispersion regime as reported in Refs. [40, 42] . A frequency comb with high-power per comb line is relevant in optical communications systems; therefore, the high-efficiency comb states in the normal dispersion regime are critical for applications in such systems.
MODERATE PUMP POWER FOR REDUCING FC EFFECTS AND ANALYSIS OF LASER DETUNING
It is well known that the FC generation is pump-powerdependent, and one approach to mitigate FC effects is to use lower pump power to reduce cavity circulation intensity. On account of the low-threshold dual-pump regime, the parametric oscillation can be achieved with low pump power to reduce the influence of FC effects. Figure 4 presents the results in the presence of 3PA and FC effects with a total pump power of 40 mW. In this case, pump power around 40 mW is suitable for generating a comb with the largest bandwidth. A higher power will lead to narrower comb generation due to the dominant loss from FC effects. It can be observed from Fig. 4(a) that two pronounced wings of the spectrum disappear in contrast to Fig. 2(a) . This phenomenon is similar to that in Fig. 3(a) and is mainly attributed to the nonlinear loss from FCA. The temporal evolution shown in Fig. 4(b) is similar to that in Fig. 2(b) . It should be noted that dispersion change due to FC effects might induce a repetition rate change of the generated pulses, which is detrimental to comb formation under the dual-pump condition. This problem can be optimized by adjusting the frequency difference of the two pumps. Theoretically, different frequency separations may introduce unequal shift of the two pumps to their corresponding resonant peaks, thus affecting the cascaded FWM efficiency and leading to change of comb bandwidth, comb lines power, and repetition rate. Spectra with varying f are shown in Fig. 4(a) . In detail, we change the frequency spacing between the two pumps in the vicinity of one free spectral range (FSR). The frequency spacing can be adjusted in the range of 0.8FSR to 1.2FSR for a stable evolution and broadband comb. Furthermore, a separation of around 1.2FSR will generate a comb with the largest bandwidth in this case. Figure 5 depicts the spectrum and temporal profile including 4PA and FC effects with total pump power of 600 mW. The spectrum in Fig. 5(a) is broader than in Fig. 4(a) . The temporal pulse becomes narrower around 26 ns in Fig. 5(b) , which is due to the increasing of detuning, which will introduce a small perturbation. It can be concluded that the influence of 4PA is smaller than that of 3PA, as a larger pump power can be used in the 4PA regime. In this wavelength range, a comb can be generated without the need of a PIN structure.
Interestingly, the duration of the generated flat-top pulse can be tuned continuously by varying the pump detuning. Figure 6 shows three representative results in the 4PA regime with varying detuning, and similar results can be obtained in other wavelength ranges as reported in Ref. [42] . The corresponding spectra and temporal profiles are shown in Figs. 6(a)-6(c) and 6(d)-6(f ), respectively. The pulse width decreases with the increase of laser detuning, as can be seen from Fig. 6(g) . A suitable detuning can lead to stable evolution of the pulse and finally to a definite pulse width. This provides a method for controlling the duration of the generated pulse by changing pump detuning. Research Article
CONCLUSION
In conclusion, we have investigated optical frequency-comb generation in a normal dispersion silicon microcavity with multiphoton absorption and FC effects over several wavelength ranges. Multiphoton absorption (2PA, 3PA, and 4PA) exhibits different degrees of impacts on comb generation. 2PA is particularly strong and will inhibit comb generation in the telecom wavelength range. 3PA and the generated FC lead to the suppression of parametric oscillation, while a frequency comb can also be observed when the pump power is sufficiently low or FC is swept out by a PIN structure. At longer MIR wavelengths where 4PA is dominant, a frequency comb can be generated with moderate pump power without the need of a PIN diode. The duration of the generated flat top pulses can be controlled by changing the laser detuning. These research results could promote the development of microcavity based optical frequency combs in normal dispersion media, especially in the visible and near-IR wavelength range where material GVD is mostly normal. Meanwhile, the observation of high conversion efficiency comb states is relevant to applications such as comb-based photonic RF oscillators and optical communications, which require high power per comb line.
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